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Is there a dynamial group struture behind
the bilarge form of neutrino mixing matrix?
∗
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Abstrat
We observe that the invariane of neutrino mixing matrix under the simultaneous dis-
rete transformations ν1 , ν2 , ν3 → −ν1 , −ν2 , ν3 and νe, νµ , ντ → −νe , ντ , νµ (neutrino
"horizontal onjugation") haraterizes (as a suient ondition for it) the familiar bilarge
form of neutrino mixing matrix, favored experimentally at present. Thus, the mass neu-
trinos ν1, ν2, ν3 get a new quantum number, ovariant with respet to their mixings into
the avor neutrinos νe, νµ, ντ (neutrino "horizontal parity" equal to -1, -1,1, respetively).
The "horizontal parity" turns out to be embedded in a group struture onsisting of some
Hermitian and real 3 × 3 matries µ1, µ2, µ3 and ϕ1, ϕ2, ϕ3, forming pairs interonneted
through neutrino mixings. They generate some disrete transformations of mass and a-
vor neutrinos, respetively, in suh a way that the group relations µ1µ2 = µ3 (yli) and
ϕ1ϕ2 = ϕ3 (yli) hold, while µaµb = µbµa and ϕaϕb = ϕbϕa. Then, for instane, the µ3
matrix may be hosen equal to the "horizontal parity".
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As is well known, the bilarge form of neutrino mixing matrix,
U =

 c12 s12 0− 1√
2
s12
1√
2
c12
1√
2
1√
2
s12 − 1√2c12 1√2


(1)
(where c23 = 1/
√
2 = s23 and s13 = 0, while c12 and s12 are estimated to orrespond
to θ12 ∼ 33◦), is globally onsistent with all present neutrino-osillation experiments for
solar νe's and atmospheri νµ's as well as with the negative result of Chooz experiment
(giving s213 < 0.03) [1℄ and suessful KamLAND experiment [2,3-7℄ both for reator ν¯e's.
However, it annot explain the possible LSND eet [8℄ for aelerator ν¯µ's (and νµ's)
whose existene is expeted to be laried soon in the MiniBOONE experiment. Its
negative result would exlude mixings of ative neutrinos with hypothetial light sterile
neutrinos [9℄, leaving us with the minimal mixing unitary transformation
να =
∑
i
Uαi νi , (2)
where να = νe, νµ, ντ and νi = ν1, ν2, ν3 represent the avor and mass ative neutrinos,
respetively
In the avor representation, where the mass matrix for harged leptons is diagonal,
the neutrino mixing matrix U = (Uαi) is at the same time the diagonalizing matrix for
neutrino eetive mass matrix M = (Mαβ). Then,
Mαβ =
∑
i
Uαimi U
∗
βi . (3)
In the ase of bilarge form (1) of U , the formula (3) gives
Mee = m1c
2
12 +m2s
2
12 ,
Mµµ = Mττ =
1
2
(m1s
2
12 +m2c
2
12 +m3) ,
Meµ = −Meτ = 1√
2
(−m1 +m2)c12s12 ,
Mµτ =
1
2
(−m1s212 −m2c212 +m3) . (4)
1
Here, Mβα = Mαβ = M
∗
αβ . Making use of Eqs. (4) we an write the neutrino eetive
mass matrix in the form
M =
m1 +m2
4

 2 0 00 1 −1
0 −1 1

+ m3
2

 0 0 00 1 1
0 1 1


+
m2 −m1
4

c

 −2 0 00 1 −1
0 −1 1

+√2 s

 0 1 −11 0 0
−1 0 0



 , (5)
where c ≡ c212 − s212 = cos 2θ12 and s ≡ 2c12s12 = sin 2θ12. Here, all three terms, propor-
tional to m1 +m2, m3 and m2−m1, ommute (while two terms proportional to m2−m1,
antiommute). Diagonalizing M given in Eq. (5), we obtain onsistently

 m1 0 00 m2 0
0 0 m3

 = U †MU = m1 +m2
2

 1 0 00 1 0
0 0 0


+m3

 0 0 00 0 0
0 0 1

+ m2 −m1
2

 −1 0 00 1 0
0 0 0

 . (6)
The present solar and atmospheri experimental estimates are ∆m221 ≡ m22 −m21 ∼ 7 ×
10−5 eV2 and ∆m232 ≡ m23 −m22 ∼ 2.5 × 10−3 eV2, respetively, when the ase of normal
hierarhy m1 < m2 < m3 is onsidered. Note that M gets here the form
M =

 A D −DD B C
−D C B

 , (7)
where A ≡Mee, B ≡Mµµ = Mττ , C ≡Mµτ and D ≡Meµ = −Meτ are given in Eqs. (4).
The bilarge mixing matrix U presented in Eq. (1) is not bimaximal as θ ∼ 33◦ and so,
c12 ∼ 0.84 > 1√
2
> s12 ∼ 0.54 . (8)
But, sine both values c12 and s12 are still large and not very distant from 1/
√
2 ≃ 0.71,
one may ask the question, if and to what extent the rough approximation c12 ≃ 1/
√
2 ≃ s12
may work, leading through Eq,. (1) to the approximate bimaximal form of the neutrino
mixing matrix
2
U ≃


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2

 . (9)
It an be easily seen that in the approximation (9) for U three disrete transformations
of mass neutrinos
ν1, ν2, ν3 → −ν2,−ν1,−ν3 ,
ν1, ν2, ν3 → ν2, ν1,−ν3 ,
ν1, ν2, ν3 → −ν1,−ν2, ν3 (10)
indue through the mixing unitary transformation (2) three following disrete transfor-
mations of avor neutrinos:
νe, νµ, ντ → −νe,−ντ ,−νµ ,
νe, νµ, ντ → νe,−νµ,−ντ ,
νe, νµ, ντ → −νe, ντ , νµ , (11)
respetively [10℄. Moreover, the third Eq. (10) indues the third Eq. (11) stritly, if the
exat form of U dened in Eq. (1) is applied in Eq. (2) [10℄.
Let us denote the Hermitian and real 3× 3 matries realizing the disrete transforma-
tions (10) as
µ1 ≡

 0 −1 0−1 0 0
0 0 −1

 , µ2 ≡

 0 1 01 0 0
0 0 −1

 , µ3 ≡

 −1 0 00 −1 0
0 0 1


(12)
and those realizing the disrete transformations (11) as
ϕ1 ≡

 −1 0 00 0 −1
0 −1 0

 , ϕ2 ≡

 1 0 00 −1 0
0 0 −1

 , ϕ3 ≡

 −1 0 00 0 1
0 1 0

 . (13)
Then, we an readily show that in the approximation (9) for U the three equivalent
relations [10℄
3
ϕaUµa = U or Uµa = ϕaU or ϕa = UµaU
†
(14)
hold for any a = 1, 2, 3. Moreover, for a = 3 these three relations are valid stritly, when
the exat form of U given in Eq. (1) is used, sine then the third Eq. (10) indues stritly
the third Eq. (11). The rst relation (14) tells us that the mixing matrix U is invariant
under the simultaneous disrete transformations (10) and (11) (approximately for a = 1, 2
and stritly for a = 3), while the third relation (14) shows that µa matries are ovariant
under the mixing unitary transformation (2), leading to ϕa matries (again approximately
for a = 1, 2 and stritly for a = 3). In partiular, the matrix
P (H) ≡ µ3 =

 −1 0 00 −1 0
0 0 1

 = ei 2pi I(H)2 = ei pi λ2 (15)
with
I
(H)
2 ≡
1
2
λ2 =
1
2

 0 −i 0i 0 0
0 0 0


(16)
may be alled the "horizontal parity", getting the eigenvalues -1, -1, 1 for the mass
neutrinos ν1, ν2, ν3, respetively, when the disrete transformation

 ν
′
1
ν ′2
ν ′3

 = P (H)

 ν1ν2
ν3

 =

 −ν1−ν2
ν3


(17)
 the "horizontal onjugation" is performed [10℄. Aording to Eq. (15) this on-
jugation is equivalent to a rotation by the angle 2π around 2-axis in the formal 8-
dimensional "horizontal spae", where λ1, . . . , λ8 are Gell-Mann matries ating on the
triplet (ν1, ν2, ν3)
T
(then I
(H)
2 is the 2-omponent of the "horizontal isospin"
~I(H) = 1
2
~λ
with
~λ = (λ1, λ2, λ3), while Y
(H) = (1/
√
3)λ8 is the "horizontal hyperharge"). In onse-
quene,

 ν
′
e
ν ′µ
ν ′τ

 = UP (H)U †

 νeνµ
ντ

 =

 −νeντ
νµ

 , (18)
where P (H)′ = UP (H)U † = ϕ3 and so, the "horizontal parity" is ovariant with respet to
neutrino mixings.
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From Eqs. (3) and (14) we infer for any a = 1, 2, 3 that
ϕaMϕa = M or Mϕa = ϕaM (19)
i.e., the eetive mass matrix M is invariant under the disrete transformations (11)
(approximately for a = 1, 2 if in addition m1 ≃ m2, and stritly for a = 3). In fat,
ϕaMϕa = ϕaU diag (m1, m2, m3)U
†ϕa = U µa diag (m1, m2, m3)µa U
† ,
where
µa diag (m1, m2, m3)µa =
{
diag (m2, m1, m3) for a = 1, 2
diag (m1, m2, m3) for a = 3
.
Thus, ϕaMϕa ≃M for a = 1, 2 if in addition m1 ≃ m2, and ϕaMϕa = M for a = 3).
It is worthwhile to point out that the rough approximation m1 ≃ m2 goes in the
diretion shown by the experimental situation, where ∆m221 ∼ 7×10−5 eV2 is onsiderably
smaller than ∆m232 ∼ 2.5× 10−3 eV2.
Now, it is important to observe that the matries (12) and (13) satisfy for a, b = 1, 2, 3
the following algebrai relations:
µ1µ2 = µ3 (cyclic) , µaµb = µbµa , µ
2
a = 1 , µ1 + µ2 + µ3 = −1 (20)
and
ϕ1ϕ2 = ϕ3 (cyclic) , ϕaϕb = ϕbϕa , ϕ
2
a = 1 , ϕ1 + ϕ2 + ϕ3 = −1 (21)
(but µaϕb 6= ϕbµa, exept for µ3ϕ2 = ϕ2µ3).
It is easy to see that the matries µ1, µ2, µ3 and ϕ1, ϕ2, ϕ3 given in Eqs. (12) and (13)
an be used as bases for 3× 3 symmetri blok matries of the types

 A1 B1 0B1 A1 0
0 0 C1

 and

 A2 0 00 B2 C2
0 C2 B2

 , (22)
respetively. The sets of suh matries form two Abelian groups with respet to matrix
multipliation, if the inverse of their four bloks exists. They are isomorphi, being related
through the unitary transformation generated by the bimaximal mixing matrix U given
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on the rhs of Eq. (9): U {1}U † = {2}, where {1} and {2} symbolize the sets of matries
of the rst and seond type (22). The group harater of these sets is reeted in the
group relations µ1µ2 = µ3 (yli) and ϕ1ϕ2 = ϕ3 (yli) for their bases, while their
isomorphism orresponds to the unitary transformation ϕa = UµaU
†
between both bases.
Of ourse, these two groups are Abelian subgroups of the group of all 3 × 3 nonsingular
matries that an be spun by the basis onsisting of 1 and Gell-Mann matries λ1, . . . , λ8.
In terms of the matries (12) and (13) the eetive mass matrix presented in Eq. (5)
an be rewritten as
M =
m1 +m2
4
(1− ϕ3) + m3
2
(1+ ϕ3) +
m2 −m1
4
[
c (ϕ1 − ϕ2) +
√
2 s (λ1 − λ4)
]
, (23)
where
λ1 − λ4 =

 0 1 −11 0 0
−1 0 0

 = 1
2
{ϕ3, µ1 − µ2} . (24)
When c12 ≃ 1/
√
2 ≃ s12, then c ≃ 0 and s ≃ 1. If m1 ≃ m2, Eq. (23) gives
M ≃ m1 +m2
4
(1− ϕ3) + m3
2
(1+ ϕ3) . (25)
In this ase, D ≃ 0 in Eq. (7). Then, approximately, M is a matrix of the seond type
(22).
One may speulate in onnetion with the formula (23) that the 3 × 3 matries ϕa
and µa (a = 1, 2, 3), where ϕ1ϕ2 = ϕ3 (yli) and µ1µ2 = µ3 (yli), an help us to nd
the desired dynamial variables solving hopefully the basi problem of fermion masses.
In suh a ase there may appear a more or less instrutive analogy with Pauli matries,
where σ1σ2 = iσ3 (yli), whih have led to Dira matries solving the problem of fermion
spins.
The disrete transformations generated by ϕa and µa matries and the related disrete
symmetries may play an important role in Nature beause of the absene for neutrinos
of eletromagneti and strong interations. Otherwise, these interations ould largely
suppress suh fragile, disrete horizontal symmetries that, in ontrast to the Standard
Model gauge interations, do not treat equally three fermion generations.
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Finally, we should like to point out that both sets of algebrai relations (20) and (21)
would still hold, if ϕ1, ϕ2, ϕ3 matries were dened not by Eqs. (13), but through the
relations
ϕ1 ≡ Uµ1U † =


−s − 1√
2
c 1√
2
c
− 1√
2
c −1
2
(1− s) −1
2
(1 + s)
1√
2
c −1
2
(1 + s) −1
2
(1− s)

 s→1→

 −1 0 00 0 −1
0 −1 0

 ,
ϕ2 ≡ Uµ2U † =


s 1√
2
c − 1√
2
c
1√
2
c −1
2
(1 + s) −1
2
(1− s)
− 1√
2
c −1
2
(1− s) −1
2
(1 + s)

 s→1→

 1 0 00 −1 0
0 0 −1

 ,
ϕ3 ≡ Uµ3U † =

 −1 0 00 0 1
0 1 0

 , (26)
where U was of its exat form (1) and µ1, µ2, µ3 matries were given as before in Eqs.
(12). In this ase, our relations (14) would be valid stritly also for a = 1, 2, not only for
a = 3 as before in the ase of Eqs. (13). Of ourse, in the limit of c12 → 1/
√
2 ← s12
i.e., c → 0 and s → 1, Eqs. (26) would tend to Eqs. (13). Note that, generially, the
relations (20) and (21) as well as (14) would hold, if ϕa = U˜µaU˜
†
with U˜ being any 3× 3
unitary matrix and µa were given in Eqs. (12) (a = 1, 2, 3). However, in suh a ase, one
would get Eqs. (26) only for the unitary matries U˜ equal to VϕUVµ, where U would have
the form (1), while Vϕ and Vµ would be any unitary matrix ommuting with ϕa and µa,
respetively [say, Vϕ = fϕ(ϕ1, ϕ2, ϕ3) and Vµ = fµ(µ1, µ2, µ3)℄. Then,
VϕϕaV
†
ϕ = ϕa ≡ VϕUVµ µa V †µU †V †ϕ , ϕa = UVµµaV †µU † = UµaU † , (27)
where
[Vϕ , ϕa] = 0 , [Vµ , µa] = 0 . (28)
Thus, in the lass of VϕUVµ matries, one might restrit oneself to the U matrix of the
form (1), putting Vϕ = 1 and Vµ = 1. The form (1) of U is a suient ondition for the
invarianes ϕaUµa = U with µa and ϕa given as in Eqs. (12) and (26), while the form
U → VϕUVµ is also their neessary ondition.
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In onlusion, we have introdued two Abelian algebras of Hermitian and real 3 × 3
matries µ1, µ2, µ3 and ϕ1, ϕ2, ϕ3 satisfying the group relations µ1µ2 = µ3 (yli) and
ϕ1ϕ2 = ϕ3 (yli) as well as the onstraints µ1 + µ2 + µ3 = −1 and ϕ1 + ϕ2 + ϕ3 = −1.
These two algebras are isomorphi, as being related through the unitary transformation
ϕa = UµaU
† (a = 1, 2, 3), where U is the neutrino mixing matrix. Thus, µa are ovariant
with respet to neutrino mixings, leading to ϕa. Suh a unitary transformation implies
the invarianes ϕaMϕa = M of the neutrino eetive mass matrix M : stritly for a = 3
and, if m1 ≃ m2, approximately for a = 1, 2.
The unitary transformation ϕa = U µa U
† (a = 1, 2, 3) is equivalent to the invarianes
ϕa U µa = U of the neutrino mixing matrix U . With given µa and ϕa matries as in
Eqs. (12) and (26), respetively, these invarianes haraterize (as a suient ondition
for them) the monomaximal form (θ23 = 45
◦
) of the bilarge mixing matrix U that for
θ12 ≃ 45◦ should be approximately bimaximal (θ12 ∼ 33◦ is the atual experimental
estimate).
Summarizing, the algebrai properties of µa matries an be expressed by the relations
{µ1, µ2} = 2µ3 (cyclic) , [µa, µb] = 0 , µ2a = 1 , µ1 + µ2 + µ3 = −1 (29)
(a, b = 1, 2, 3). The idential relations hold also for ϕa matries equal to UµaU
†
. We
suggest that ϕa and µa matries (a = 1, 2, 3) play the role of dynamial variables in the
problem of neutrino masses (and, hopefully, of other fermion masses). In fat, aording
to Eqs. (23) and (24) the neutrino eetive mass matrixM an be expressed by means of
the matries 1, ϕ3 and µ1, µ2 (1 = −ϕ1 − ϕ2 − ϕ3 = −µ1 − µ2 − µ3) and the parameters
m1, m2, m3 and s, the number of the latter should be ertainly redued, say, by the
onjeture that m1:m2:m3 ≃ me:mµ:mτ [10℄.
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